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A B S T R A C T 

We report the use of several cluster analysis techniques to e v aluate the classification of pre-solar silicon carbide (SiC) grains. The 
stability of clusters and the confidence of individual cluster assignments of grains are assessed using consensus clustering with 

resampling methods. Our analysis shows that pre-solar SiC grains can be divided into seven groups that are found to be highly 

stable with most of the grains being assigned to the same cluster for at least 90 per cent of the time o v er multiple aggregated 

clustering. Among the seven groups, two groups are dominated by AB grains, three groups by MS grains, one group by Z grains, 
and one group by X grains. The further division of X grains into two groups is highly dependent on the chosen algorithm and 

is therefore uncertain. Z and Y grains are clustered jointly with MS grains, with one group dominated by Z grains, pointing to 

their common origins from low-mass asymptotic giant branch stars. The most stable N grain-containing clusters are dominated 

by 

15 N-rich AB grains. Ho we ver, some methods assign N grains with X grains, but in less stable clusters. The suggested genetic 
relationship among 

15 N-rich AB, N, and X grains is in line with the recent proposal that all three types of pre-solar SiC grains 
came from core collapse supernovae. We discuss the results from different clustering techniques based on our assessment of the 
cluster stabilities and the extent to which the cluster assignments overlap across the different methods. 

Key words: nuclear reactions, nucleosynthesis, abundances – methods: statistical. 
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 I N T RO D U C T I O N  

he disco v ery of microscopic pre-solar grains in meteorites in the
id-1980s has led to a deepened understanding of the physical

nvironment and nucleosynthetic processes occurring in stars. These
re-solar grains are characterized by isotopic compositions that
eviate from Solar system compositions by up to several orders of
agnitude, thus pointing to their extrasolar stellar origin. Pre-solar

rains are divided into different groups based on these anomalous
sotopic compositions, and the detailed division scheme has been
ontinuously evolving because of advances in isotope analysis
echniques and astrophysical models (for re vie ws, see Zinner 2014 ;
ittler & Ciesla 2016 ). Multi-element isotope data for the best-

tudied type of pre-solar grains, silicon carbide (SiC), have been
sed to define numerous sub-groups (e.g. mainstream – MS, AB,
, Y, Z, etc.) which have been proposed to originate from various

tellar sources (Zinner 2014 ). In a recent paper by Boujibar et al.
 2021 ), cluster analysis was employed to e v aluate the classification
f SiC grains based on an updated pre-solar SiC grain data base
PGD; Stephan et al. 2020 ) that was initially compiled about 10 yr
go (Hynes & Gyngard 2009 ). Cluster analysis is the umbrella term
 E-mail: ghystad@pnw.edu 

s  

t  

p  

Pub
or a collection of techniques in statistics and data science used to
ivide data into groups or clusters, where data in the same cluster
ossess similarities in their attributes. Using a mixture of normal
istributions in concert with the Bayesian Information Criteria (BIC),
oujibar et al. ( 2021 ) identified nine groups in their cluster analysis
ased on the SiC grains’ C, N, and Si isotope compositions and
nferred initial 26 Al/ 27 Al ratios compiled in the PGD. The authors
iscussed the astrophysical implications of their cluster analysis
esults in comparison to the original classification scheme for pre-
olar SiC. This clustering analysis enabled identification of four
lusters of SiC grains likely formed in AGB stars, with different
anges of metallicities, with combinations of MS, Y, and Z grains.
hese clusters include a compact cluster of MS grains with a narrow

ange of isotopic compositions. This analysis also pointed to two
airs of clusters of AB and X grains, and another cluster containing
utativ e no va grains (N grains) and AB grains. 
The robustness and stability of the nine identified clusters, how-

ver, were not further evaluated by Boujibar et al. ( 2021 ). A common
roblem in cluster analysis is that different methods often detect
ifferent numbers of optimal clusters and yield different cluster
lassifications for a data set. Additionally, repeatedly running the
ame clustering algorithm may lead to a different classification of
he data because of the partitioning variability. As a result, two data
oints that are initially assigned to the same cluster may be assigned
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Figure 1. Plot of nitrogen and carbon isotopic compositions of 1478 pre- 
solar SiC grains from the updated PGD (Stephan et al. 2020 ). 
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o two different clusters if the cluster algorithm is rerun, pointing 
o instabilities in the defined clusters. Variations in the clustering 
esults may arise from both noise in the data and the suitability of the
lustering algorithm to a particular data set (Henelius et al. 2016 ).
erturbations to the data, subtraction or addition of some data points
or example, may also lead to different clusters. Ideally, a different 
andom sample taken from the same population or the use of a sub-
ample of the original data should provide the same assignment to a
luster. Ho we ver, this optimal situation is often not the case (James
t al. 2013 ), and the robustness and stability of the cluster results of
oujibar et al. ( 2021 ) should thus be e v aluated. 
In this study, we extend the results of Boujibar et al. ( 2021 ) by

 v aluating the stability of the clusters and assessing the confidence of
he classification of the pre-solar SiC grains. Compared to the study
f Boujibar et al. ( 2021 ), we utilized additional clustering methods.
lso, we identified grains that constitute the stable parts of clusters

nd compared the results across different techniques. The goal of this
aper is to provide further insight into the classification of pre-solar
iC grains by employing state-of-the-art clustering methods. The 
tabilities of the clusters are e v aluated using consensus clustering, 
hich is a method that combines the clustering results from multiple 

lustering algorithms or reruns of the same algorithm into a single 
onsensus clustering. A cluster ensemble represents a collection 
f multiple clustering of a data set that is used to create a single
onsensus clustering (Strehl & Ghosh 2002 ; Monti et al. 2003 ; Fred &
ain 2005 ; Ghosh & Acharya 2011 ; Wang, Shan & Banerjee 2011 ).
onsensus clustering methods arose from the machine-learning 

iterature around two decades ago and have rapidly gained interest 
ith a burgeoning literature in the last 10 yr. 
The paper is organized as follows. The clustering methods are 

escribed in Section 2. The clustering results using a variety of
lustering techniques are presented in Section 3. In Section 4, we 
iscuss the stabilities of the clusters by the different clustering 
ethods and their astrophysical implications. We also compare our 

artitioning results to the classification given in Boujibar et al. ( 2021 )
n this section. The conclusions are summarized in Section 5. The 
-code created for the different consensus clustering techniques used 

n this paper is posted on GitHub. 1 

 M E T H O D S  A N D  CLUSTERING  

.1 Pre-solar SiC isotope data 

n this paper, we used a sample of 1478 observations for four mea-
ured isotope ratios, 12 C/ 13 C, 14 N/ 15 N, δ( 29 Si/ 28 Si), and δ( 30 Si/ 28 Si),
rom the data base P GD S i C 2020 − 01 − 30 (Stephan et al. 2020 )
o further e v aluate the classification of pre-solar SiC grains. Each
bservation also contains information about previously assigned 
rain subtype (MS, X, AB, N, Z, Y). The rare C and U grains
nd 25 observations of contaminated grains are excluded from the 
nalysis as in the study of Boujibar et al. ( 2021 ). We calculated the
 Si/ 28 Si ratios based on the δ( i Si/ 28 Si) values compiled in the PGD,

ith δ( i Si/ 28 Si) defined as 

(
i Si / 28 Si 

) = 

(
i Si / 28 Si (

i Si / 28 Si 
)
solar 

− 1 

)
× 1000 , 

n which i denotes 29 or 30 and ( i Si/ 28 Si) solar the Solar ratio.
he isotopic ratios for the 1478 observations of SiC grains were 
 ht tps://github.com/ghyst ad/Consensus-clust er ing.pr esolar .SiC.grains/tr ee 
master

h
m  

f  

t  
ransformed into logarithmic units and then scaled to a mean of zero
nd unit variance. These isotopic ratios were used in the cluster
nalysis. The R-library DPLYR (Wickham et al. 2021 ) was used for
ata manipulation. Fig. 1 shows a plot of the nitrogen and carbon
sotopic compositions of the 1478 pre-solar SiC grains from the 
pdated PGD (Stephan et al. 2020 ). 

.2 Clustering techniques 

everal model-based cluster analysis techniques were compared by 
eans of BIC and the Integrated Completed Likelihood (ICL) for 
odel selection and the detection of the optimal number of clusters.
odel-based clustering analysis is based on mixture models which 

re probability distributions that represent hidden sub-populations 
ithout observed information for which sub-population each data 
oint belongs to. For finite mixture models, BIC is defined as
I C = 2 log p( y | ˆ θ, M) − k log ( n ), were p( y | ˆ θ, M) is the maxi-
um of the mixture likelihood for the data y and model M , ˆ θ is the
aximum-likelihood estimate for the parameter vector θ , k is the 

umber of model parameters to be estimated, and n is the number of
bserv ations. BIC pre v ents o v erfitting by including a penalty term
or the number of parameters in the model. ICL is defined as ICL =
IC − E ( M ), where E ( M ) is the expected entropy of the clustering

rom model M . Entropy measures the uncertainty of the clustering
nd is high when the uncertainty is large, while zero if there is no
ncertainty. For model-based clustering, the model with the largest 
IC or ICL is selected. The BIC is devised to select the number of
omponents in the mixture model, which may be different than the
umber of clusters if the clusters are strongly non-Gaussian. The ICL
s often a better measure for the detection of the optimal number of
lusters, given that the ICL tends to fa v our more clearly separated
lusters. ICL selects a model with the same number or smaller
umber of clusters than BIC. We refer the reader to Bouv e yron
t al. ( 2019 , p. 51–55) for a detailed description of BIC and ICL
or model selection. For an example illustrating how a non-Gaussian 
luster is represented by a mixture of Gaussian mixture components 
sing BIC while only one Gaussian component, using ICL see 
ouv e yron et al. ( 2019 , p. 99). We focused on the following model-
ased clustering methods: mixture of normal distributions, mixture of 
ormal distributions with a uniform component to represent outliers 
r noise, and mixture of t-distributions. We also modelled a mixture
f restricted skew normal distributions and a mixture of generalized 
yperbolic distributions. For these latter two models, although the 
odel results both seem to be robust in terms of BIC and ICL, we

ound that the number of clusters detected based on ICL was lower
han the number of grain types in the original classification and is
MNRAS 510, 334–350 (2022) 
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herefore considered as too low. We therefore did not perform further
nalysis using these models. 

The mixture of normal distributions for modelling noise adds
 uniform component to represent the outliers. The mixture of t-
istributions models elliptical clusters but with heavier tails than the
ixture of normal distributions. We refer the reader to McLachlan &
eel ( 2000 ) and Bouv e yron et al. ( 2019 ) for details regarding these
odels and methods. The statistical software package R (R Core
eam 2016 ) has libraries for all of these models. 
Finally, we used spectral clustering, which takes the form of a

raph partitioning problem. The algorithm is based on transforming
he observations into eigenvectors computed from the Laplacian
btained by a similarity graph. The matrix of eigenvectors corre-
ponding to the k lo west eigenv alues is then used as an input to
he k -means clustering algorithm. The k -means clustering algorithm
hen assigns the observations to the clusters for which the Euclidean
istance from the clusters centroid to the observations is the shortest
James et al. 2013 ). We used the k -nearest neighbours of the
bservations to obtain the similarity graph accompanied by the
andom walk normalized Laplacian (von Luxburg 2007 ). The R-
ibrary KKNN (Schliep & Hechenbichler 2016 ) was used to perform
he spectral clustering. The spectral clustering algorithm assumes
o particular form of the clusters and is able to detect non-conv e x
lusters and clusters formed as intertwined spirals (v on Luxb urg
007 ). 
We created a k -nearest neighbour graph by finding the k nearest

eighbours for each observation based on the Euclidean distances
etween data points. The resulting adjacency matrix was converted
nto an undirected graph using the IGRAPH R library (Cs ́ardi & Nepusz
006 ). We then computed the number of connected components in the
raph as a function of k . We found that the graph is connected for k >
 with a right-skewed degree distribution. We used spectral clustering
ith a random walk normalized Laplacian for different values of k
 4. We found the algorithm to be unstable for small values of k .
e decided to use k = 130 in the spectral algorithm by noticing that

alues of k > 115 gave similar results. There is no established theory
or the relationship between the number of clusters and the number of
earest neighbours used to create the similarity graph (von Luxburg
007 ). According to v on Luxb urg ( 2007 ), a normalized Laplacian
hould be employed if the vertices have different degrees, for which
 random walk Laplacian is recommended. The paper also suggested
o use a connected similarity graph for the spectral algorithm unless
ne is certain that the connected components in the graph correspond
o the correct clusters (von Luxburg 2007 ). 

.3 Reference labels 

unning the clustering algorithm on resampled data will often
roduce different labelling of the clusters; a problem referred to
s the label correspondence problem. The Hungarian algorithm
Kuhn 1955 ) used in this paper is a standard way to solve the
luster label correspondence problem by aligning the cluster labels
cross different runs of the data to a reference labelling (Dudoit &
ridlyand 2003 ). We applied the Hungarian algorithm to keep
 consistent labelling of the clusters across different clustering
lgorithms, thereby providing results that can be directly compared.
et A and B be among the clustering methods used in this paper. We
reated an assignment matrix for aligning the clustering labels from
lustering method A with the labels from clustering method B. The
ungarian algorithm with the R-function HungarianSolver in the R-

ibrary RCPPHUNGARIAN (Silverman 2019 ) was then used to find an
ptimal assignment of rows to columns, where the cluster labels from
NRAS 510, 334–350 (2022) 
ethod A were mapped in a one-to-one correspondence to the cluster
abels from method B for the same number of clusters. In order to map
he cluster labels from seven to nine clusters, the HungarianSolver
unction was again used. Now the cluster labels from method A were
apped on to the cluster labels from method B, as the latter method

ielded a larger number of clusters. These mappings allowed us to
ave matching colours for the clusters across different techniques
nd different numbers of clusters. We finally relabelled the clusters
or nine clusters such that the cluster labels from seven clusters could
e in order from one to seven. The labels obtained from clustering
ith a mixture of normal distributions with seven clusters were used

s the o v erall reference labels. 

.4 Consensus clustering methods 

e use consensus clustering with resampling techniques to identify
he stable clusters of pre-solar SiC grains and the stable parts of the
lusters. Cluster ensembles that are formed from different resampling
ethods impro v e the precision of the clustering method by using

veraging to decrease the variance of the clustering results. It also
rovides a way to assess the stability of the clusters and to e v aluate
he confidence of the classification of the observations (Dudoit &
ridlyand 2003 ). 
In this paper, we focus on three different consensus clustering
ethods that are based on resampling. The first two, titled BagClust1

nd BagClust2, were introduced by Dudoit & Fridlyand ( 2003 )
to impro v e the accurac y of a clustering procedure.’ BagClust1
nd BagClust2, use a technique called bagging, which aggregates
ultiple clustering based on bootstrapping. Bootstrapping (Efron &
ibshirani 1993 ) refers to methods that use samples obtained by

aking random samples with replacement from the original sample.
hese samples have the same sample size as the original sample.
o we ver, in this study we deleted duplicated observations such

hat the number of observations in each sample was on average
3 . 2 per cent of the original sample size (Efron & Tibshirani 1997 ).
agClust1 produces a final partitioning of the data based on a major-

ty vote across bootstrap samples. BagClust2 produces a dissimilarity
atrix-based on the proportion of co-occurrences in clusters of each

airwise observation across bootstrap samples, which is subsequently
sed in a new clustering algorithm. By deleting duplicates, we used a
odification of these methods in this paper. The third method, which
as introduced by Henelius et al. ( 2016 ), uses a form of clustering

ggregation to identify core clusters. A core cluster is the largest set
f observations inside a cluster that co-occur in the same cluster with
 probability of at least 1 − α for a significance level of 0 < α <

 when the clustering algorithm is run on resampled data. Finally,
he individual cluster stabilities are also e v aluated by computing the
istribution of the Jaccard coefficient as a similarity measure for each
riginal cluster compared to the most similar cluster in the resampled
ata (Hennig 2007 ). 

.4.1 BagClust1 

agging uses averaging over aggregated clustering to decrease the
ariability of the clustering algorithm (Dudoit & Fridlyand 2003 ).
n the BagClust1 procedure (illustrated in an example in Fig. 2 ), the
riginal cluster analysis algorithm was applied to the data in order
o obtain cluster labels for each observation using a fixed number
f clusters. We refer to this partitioning as the reference clustering.
rom the original data, B = 500 bootstrap samples were selected,
ut with the duplicate observations deleted. For each sub-sample, the
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Figure 2. Illustration of the BagClust1 procedure by Dudoit & Fridlyand 
( 2003 ) and the alignment of bootstrap cluster labels to the reference labels 
for a sample of five observations and three clusters. For example, in the 
first assignment matrix, the (1, 2) th entry is 0 because two observations are 
occurring in bootstrap cluster 1, two observations are occurring in reference 
cluster 2, and these clusters also have two observations in common (i.e. 
(2 −2) + (2 −2) = 0). The end product is the final cluster partition found by 
majority votes as well as the cluster votes for the individual observations. For 
example, observation number 2 is assigned by majority vote to cluster 2 with 
a cluster vote of 2/3 since it occurs in cluster 2 for two of the three bootstrap 
samples. 
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luster algorithm was run, and the clustering labels were obtained 
or each observation in the sub-sample. In order to obtain similar
luster labels for each run, an assignment matrix was calculated. 
he ( i , j ) th entry of this matrix is the number of elements that are

n cluster i formed from the sub-sample and not in reference cluster
 plus the number of elements that are in reference cluster j and
ot in cluster i , i.e. the symmetric difference of cluster i and cluster
 . The Hungarian algorithm with the R-function HungarianSolver 
n the R-library RCPPHUNGARIAN (Silverman 2019 ) was then used 
o maximize the o v erlap between the reference clusters and the
lusters formed from the sub-sample. The labels for each cluster 
alculated from the sub-sample were subsequently mapped in a one- 
o-one correspondence to the labels of the reference clusters. Each 
bservation was finally assigned to the cluster for which it occurred 
ost frequently o v er the B subsamples (majority vote). If there was a

ie in the frequency, we randomly assigned the observation to the most 
requent clusters. In addition, a cluster vote (CV) was calculated for
ach observation, which is the proportion of times the observation 
as assigned to its winning cluster, accounting for the number of

imes the observation occurred in the B sub-samples. The R-code 
or the BagClust1 procedure is posted on GitHub. 2 The code for
 ht tps://github.com/ghyst ad/Consensus-clust er ing.pr esolar .SiC.grains/blob 
master/BagClust 1 wit h spect ral algorit hm.R 

o  

3

/

he cluster label correspondence problem included in the BagClust1 
rocedure was based on the code of R ̈osler ( 2012 ) with some slight
odifications. 

.4.2 BagClust2 

he BagClust2 procedure (Dudoit & Fridlyand 2003 ) a v oids the
luster label correspondence problem by constructing a connectivity 
atrix, M , from B bootstrap samples, where B = 500 was used

n this paper, but with duplicates deleted. If n is the number of
bserv ations, the connecti vity matrix is an n -by- n matrix that is
ormed by recording for each pair of observations the number of times
hey were found together in the clusters calculated from the B sub-
amples. In addition, an indicator matrix IN was calculated to keep
rack of the number of times each pair of observations co-occurred in
he B sub-samples. A dissimilarity matrix was then formed from D =
 − M / IN , where I is the identity matrix. The dissimilarity matrix
 was subsequently used as an input to the Partitioning Around
edoids (PAM) clustering algorithm. The PAM algorithm is based 

n minimizing the pairwise distance between the observations in the 
luster and their medoid (center) of the cluster. We used the R-library
LUSTER (Maechler et al. 2021 ) for the PAM cluster algorithm. The

nternal stability of the clusters can then be e v aluated by computing
he silhouette width of each cluster as well as the o v erall av erage
ilhouette width of all the clusters. The silhouette width is a number
etween −1 and 1, for which a number closer to 1 indicates good
lassification of the data. Kaufman & Rousseeuw ( 1990 ) specified
hat a silhouette width abo v e 0.5 is a reasonable classification of the
ata, while a number below 0.2 points to a lack of cluster structure
Everitt et al. 2011 ). A negative silhouette width signifies that the
luster assignment is incorrect, while a value of zero indicates that
he observation is located in between two clusters, pointing to an
ncertain assignment. The average silhouette width can also be used 
o detect the number of clusters (Everitt et al. 2011 ). The method for
reating the consensus matrix M / IN is illustrated in an example in
ig. 3 . The R-code for the BagClust2 procedure is posted on GitHub. 3 

.4.3 Core cluster identification 

he consensus matrix M / IN , described in Section 2.4.2, is also used
o identify the core clusters by creating an undirected graph with
he observations as the nodes and an edge between two nodes if the
o-occurrence probability is at least 1 − α for a significance level 
 < α < 1. We used the R-library IGRAPH (Cs ́ardi & Nepusz 2006 )
o convert the consensus matrix to an adjacency matrix, where the
 i , j ) th entry is one if the co-occurrence probability is at least 1 −

and zero otherwise. This matrix was then subsequently converted 
o an undirected graph, where two observations are connected by an
dge if their ( i , j ) th (and ( j , i ) th by symmetry) entry is one. The core
lusters are found as the largest maximal clique for each cluster in
he graph (Henelius et al. 2016 ). A clique is a sub-graph that consists
f vertices that are all connected to each other via edges, while a
aximal clique is ‘not a sub-set of a larger clique’ (Kolaczyk &
s ́ardi 2014 ). Thus, the observations in a core cluster co-occur in the

ame cluster with a probability of at least 1 − α. Some clusters had
 few largest maximal clique and we then selected one of them as
hey only differed in one or a few observations (with the exception
f cluster 7 for the mixture of normal distributions of nine clusters
 ht tps://github.com/ghyst ad/Consensus-clust er ing.pr esolar .SiC.grains/blob 
master/BagClust 2 wit h spect ral algorit hm.R 

MNRAS 510, 334–350 (2022) 

art/stab3478_f2.eps
https://github.com/ghystad/Consensus-clustering.presolar.SiC.grains/blob/master/BagClust1_with_spectral_algorithm.R
https://github.com/ghystad/Consensus-clustering.presolar.SiC.grains/blob/master/BagClust2_with_spectral_algorithm.R
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Figure 3. Illustration of the creation of a consensus matrix M / IN for four 
observations and three bootstrap samples. The X in the bootstrap sample 
indicates that the observation was not included in the bootstrap sample. For 
example the (1, 2) th and (2, 1) th entries of the consensus matrix M / IN is 2/3 
since observations number 1 and 2 occur in the same cluster for two of the 
three bootstrap samples. The consensus matrix is used in both the BagClust2 
procedure by Dudoit & Fridlyand ( 2003 ) and the core cluster identification 
method by Henelius et al. ( 2016 ). 
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Figure 4. Illustration of the creation of a core cluster (Henelius et al. 2016 ) 
from a consensus matrix M / IN . The consensus matrix is here assumed created 
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between observations i and j in the undirected graph if the ( i , j ) th entry of the 
matrix A is 1. We omitted all the loops in the graph. In this figure, there is no 
link between observation 5 and observations 2 and 4, and hence, observation 
5 is not part of the core cluster. In the core cluster, all observations are linked 
with each other. This means that these observations occur in the same cluster 
for at least 90 per cent of the times. 
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or which two maximal cliques differed by 10 and 11 observations.)
ig. 4 shows an example for the creation of a core cluster from a
onsensus matrix using 1 − α = 0.90. There is also an R-library
itled CORECLUSTER for identifying the core clusters. Ho we ver, here
e created our own code for this, which is posted on GitHub. 4 

.4.4 Jaccard similarity coefficient 

inally, we e v aluated the stability of the indi vidual clusters by
omputing the average Jaccard (similarity) coefficient for each
luster obtained from the BagClust1 procedure and the most similar
luster in the sub-sample calculated o v er B = 100 bootstrap samples
ith duplicates deleted (Hennig 2007 ). The Jaccard coefficient for

wo clusters i and j is defined as 

 = 

c 

a + b + c 
, 

here a is the number of elements that are occurring in cluster i
nd not cluster j , b is the number of elements that are occurring in
luster j and not cluster i , and c is the number of elements that the
 ht tps://github.com/ghyst ad/Consensus-clust er ing.pr esolar .SiC.grains/blob 
master/Corecluster ident ificat ion wit h spect ral clust ering.R 

5

/

NRAS 510, 334–350 (2022) 
wo clusters have in common. In other words, the denominator in the
accard coefficient is the union of the elements in cluster i and cluster
 . The Jaccard coefficient is a number between 0 and 1, for which
 number closer to one indicates that the two clusters are similar.
here is also an R-library titled FPC (Hennig 2020 ) for e v aluating

he clusterwise stabilities using the Jaccard coefficient as a similarity
easure. Ho we ver, here we created our own code for this, which is

osted on GitHub. 5 

.5 Stability of clusters 

 or a fix ed number of clusters, the stability of the clusters were
 v aluated and compared across different clustering algorithms. In
ddition, we were able to identify the observations that tend to
eoccur in the same cluster when we ran the clustering algorithm
epeatedly, thereby providing a confidence of the cluster assignment.

e identified the stable part of a cluster to consist of the observations
 ht tps://github.com/ghyst ad/Consensus-clust er ing.pr esolar .SiC.grains/blob 
master/Jaccar d similar it y coefficient wit h spect ral algorit hm.R 
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f pre-solar SiC grains that have a CV of at least 0.90 computed
sing the BagClust1 procedure as described in Section 2.4.1. These 
bservations occurred in its winning cluster assignment more than 
0 per cent of the times when running the clustering algorithm 

 v er the 500 sub-samples obtained in the bootstrap scheme. We
efined a cluster as stable if the average CV of its observations was
t least 0.90. Subsequently, we computed the Jaccard coefficient 
escribed in Section 2.4.4 for the clustering results obtained from 

he BagClust1 procedure as another measure for the stability of a 
luster. An average Jaccard similarity coefficient of at least 0.85 
haracterizes a highly stable cluster (Hennig 2020 ), whereas a value 
elow 0.6 indicates an unstable cluster. We also identified the pre- 
olar SiC grains that occur in core clusters as the observations that
o-occur in the same cluster with a probability of at least 0.90, i.e.
or at least 90 per cent of the 500 sub-samples using the methods
escribed in Section 2.4.3. Observations outside core clusters were 
abelled weak points (Henelius et al. 2016 ). The average silhouette 
idth computed from the BagClust2 procedure as described in 
ection 2.4.2 was used to compare the internal stability of the 
lusters. 

 RESULTS  

.1 Clustering results 

mploying the R-library MCLUST (Scrucca et al. 2016 ), the best 
odel selected for a mixture of normal distributions was a variable 

olume, shape, and orientation (VVV) model with nine optimal 
lusters detected by BIC ( −5152.67) and seven optimal clusters 
etected by ILC ( −5575.51). Using the R-library TEIGEN (Andrews &
cNicholas 2012 ; Andrews et al. 2018 ), the best model selected for

 mixture of t-distributions was unconstrained volume, orientation, 
nd shape for the scale matrix, and constrained degrees of freedom 

UUUC) with nine clusters selected by BIC ( −5161.97) and seven 
lusters selected by ICL ( −5530.08) with all model parameters 
nconstrained (UUUU). The mixture of t-distributions with seven 
lusters provided the better model if ICL was used as the selection
riteria. On the other hand, if the BIC was used for model selection,
he mixture of normal distributions with nine clusters should be 
elected. Seven clusters plus a noise component were detected 
hen we fitted a mixture of normal distributions with a uniform 

omponent for outliers using the nearest neighbour cleaning method 
n the PRABCLUS R library (Hennig & Hausdorf 2020 ). Applying 
 modification of the nearest neighbour cleaning method in the 
OVROBUST R library (Wang & Raftery 2017 ), six clusters plus a
oise component were detected. Both the BIC and ICL were here 
ower than for the other models, which led us to instead focus on
he mixture of normal distributions with no noise and the mixture of
-distributions. One interesting observation found by modelling the 
ata with a mixture of normal distributions and a noise component 
s that about half of N grains and some of the X grains were
dentified as noise; the rest of the X grains were mostly found in one
luster. 

For the spectral algorithm, it is not completely clear what the 
ptimal number of clusters is when using the eigengap heuristic as
escribed in von Luxburg ( 2007 ) to compute the number of clusters.
he number of clusters seems to be either three or four, but the

esult is ambiguous. As for most methods employed to detect the 
ptimal number of clusters, the eigengap heuristic gives ambiguous 
esults if the clusters are not well separated. We also compared the
verage silhouette width for different number of clusters computed 
sing BagClust2, which again indicates that the optimal number of 
lusters is three. Ho we ver, by comparing to the six groups that were
riginally proposed for classifying SiC grains, three or four clusters 
re too low. If we ignore such a small number of clusters, six and
ev en clusters gav e the highest av erage silhouette widths, where only
 slightly higher value was observed for six clusters as compared to
even clusters. Since the model-based methods indicated that seven 
s the optimal cluster number, we chose seven clusters for the spectral
lgorithm. 

.2 Illustration of the clustering results 

he clustering results for the 1478 pre-solar SiC grains are illustrated
n Fig. 5 for the spectral clustering using seven clusters, Fig. 6 for a

ixture of t -distributions using seven clusters, Fig. 7 for a mixture of
ormal-distributions using seven clusters, and Fig. 8 for a mixture of
ormal-distributions using nine clusters. For all figures, the results 
rom the BagClust1 procedure are shown in panels a–c, where panel
 shows the clusters in the plot of 14 N/ 15 N versus 12 C/ 13 C, panel b
hows the clusters in the plot of δ( 29 Si/ 28 Si) versus δ( 30 Si/ 28 Si), and
anel c shows a barplot of grain types v ersus clusters. P anels d–f,
nd panels g–i show the same set of plots, but for the stable clusters
nd the core clusters, respectively. The results from the BagClust2 
rocedure are shown in the panels j–l of Figs 6 –8 . The BagClust2
lustering results are not shown for the spectral clustering algorithm 

ince they were almost identical to the BagClust1 clustering results. 
ig. 9 is a zoom-in of panels a–b of Figs 5 –8 . The R-library GGPLOT

Wickham 2016 ) was used for creating the barplots. 
Table 1 summarizes for each considered clustering technique, the 

roportion of pre-solar SiC grains with a CV of at least 0.90, the
verage Jaccard similarity coefficient, the average silhouette width, 
he proportion of observations with silhouette width greater than 
.5, and the proportion of observations occurring in core clusters. 
ccording to Table 1 , spectral clustering yields clusters with the

argest proportion of grains with CV values greater than or equal
o 0.90, the largest average Jaccard coefficient, the largest average 
ilhouette width, the largest proportion of grains with silhouette 
idth greater than 0.50, and the largest proportion of grains in core

lusters. The mixture of t-distributions yields larger values of the 
bo v e quantities compared to clustering with a mixture of normal
istrib utions, b ut lower compared to spectral clustering. Table 2
rovides for each cluster and for each of the considered clustering
echnique, the proportion of pre-solar SiC grains with CV values 
reater than or equal to 0.9, the average Jaccard coefficient, the
verage silhouette width, and the proportion of grains in core clusters. 
able 3 provides for each of the considered clustering technique 

he proportion of pre-solar SiC grain types with CV values greater
han or equal to 0.90 and the proportion of grain types in core
lusters. 

 DI SCUSSI ON  

.1 Spectral clustering with seven clusters 

he BagClust1 and BagClust2 clustering procedures produce similar 
esults when using spectral clustering with seven clusters. The pre- 
olar SiC grains are partitioned into two main groups of AB grains
clusters 5 and 6), three main groups of MS grains (clusters 3, 4, and
), one main group of Z grains (cluster 2), and one main group of X
rains (cluster 1; Fig. 5 , panels a–c). All N grains, except for one, are
ncluded with AB grains in cluster 5. Y and Z grains are spread o v er
everal clusters, for which all of the Y grains and about 60 per cent
f the Z grains occur jointly with MS grains. In addition, cluster 2
MNRAS 510, 334–350 (2022) 
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Figure 5. Spectral clustering of pre-solar SiC grains using seven clusters. The results from the BagClust1 procedure are shown in panels (a–c), where the 
clusters are shown in panels a–b and a barplot of grain types versus clusters is shown in panel c. The stable clusters are depicted in panels d–e, with a barplot of 
grain types versus the stable clusters shown in panel f. The core clusters are shown in panels g–h, with a barplot of grain types versus the core clusters shown in 
panel i. 
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s dominated by Z grains. The clusters are highly stable with large
verage Jaccard coefficients and with the majority of the observations
aving CV values of at least 0.90. The stable clusters (Fig. 5 , panels
–f) and the core clusters (Fig. 5 , panels g–i) are very similar, but
here are a few observations that are not in the intersection of the core
lusters and the stable parts of the clusters. Each of the clusters also
as large average silhouette width. All X grains and the majority of
B, MS, N, and Z grains have CV values of at least 0.9 and occur in

ore clusters. Y grains are the least stable grain types for which just
bo v e half hav e CV of at least 0.9 and more than half of them are
lassified as weak points (Table 3 ). 

Consistent with the results of Boujibar et al. ( 2021 ), our spectral
lustering results point out that the original division of pre-solar SiC
rains into three major groups, MS, AB and X, is quite rob ust, b ut
NRAS 510, 334–350 (2022) 
he original classification of the additional minor groups, N, Y, Z, is
uestionable. Our results here, ho we ver, dif fer from Boujibar et al.
 2021 ) in detail as summarized below. (1) MS grains are divided
nto three clusters (3, 4, 7) mainly based on the 14 N/ 15 N ratio here,
n contrast to the three clusters of MS grains identified by Boujibar
t al. ( 2021 ) that had different ranges of Si and C isotope ratios.
2) X grains identified here (cluster 1) are consistent with their
riginal definition in the literature (Fig. 1 ), in contrast to the two
lusters of X grains reported by Boujibar et al. ( 2021 ). (3) AB grains
re divided into two groups with the divider lying around the solar
4 N/ 15 N value, which is slightly different from the detailed division
iven by Boujibar et al. ( 2021 ) but agrees with the classification
cheme recommended by Liu et al. ( 2016 , 2017a , b , 2018 ) based
n the isotope data of a larger number of elements (C, N, Si, Ti,

art/stab3478_f5.eps
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Figure 6. Clustering of pre-solar SiC grains with a mixture of t-distributions using seven clusters. The results from the BagClust1 procedure are shown in 
panels a–c, where the clusters are shown in panels a–b and a barplot of grain types versus clusters is shown in panel c. The stable clusters are depicted in panels 
d–e, with a barplot of grain types versus the stable clusters shown in panel f. The core clusters are shown in panels g–h, with a barplot of grain types versus the 
core clusters shown in panel i. The results from the BagClust2 procedure are shown in panels j–l, where the clusters are shown in panels j–k and a barplot of 
grain types versus clusters is shown in panel l. 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/510/1/334/6448994 by C
arnegie Institution for Science user on 13 January 2022
MNRAS 510, 334–350 (2022) 

art/stab3478_f6.eps


342 G. Hystad et al. 

Figure 7. Clustering of pre-solar SiC grains with a mixture of normal distributions using seven clusters. The results from the BagClust1 procedure are shown in 
panels a–c, where the clusters are shown in panels a–b and a barplot of grain types versus clusters is shown in panel c. The stable clusters are depicted in panel 
d–e, with a barplot of grain types versus the stable clusters shown in panel f. The core clusters are shown in panels g–h, with a barplot of grain types versus the 
core clusters shown in panel i. The results from the BagClust2 procedure are shown in panels j–l, where the clusters are shown in panels j–k and a barplot of 
grain types versus clusters is shown in panel l. 
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Figure 8. Clustering of pre-solar SiC grains with a mixture of normal distributions using nine clusters. The results from the BagClust1 procedure are shown in 
panels a–c, where the clusters are shown in panels a–b and a barplot of grain types versus clusters is shown in panel c. The stable clusters are depicted in panels 
d–e, with a barplot of grain types versus the stable clusters shown in panel f. The core clusters are shown in panels g–h, with a barplot of grain types versus the 
core clusters shown in panel i. The results from the BagClust2 procedure are shown in panels j–l, where the clusters are shown in panels j–k and a barplot of 
grain types versus clusters is shown in panel l. 
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Figure 9. Zoom-in of panels a–b of Figs 5 –8 for spectral clustering (panels a–b), a mixture of t-distributions (panels c–d), a mixture of normal distributions 
(panels e–f), all with seven clusters, and a mixture of normal distributions with nine clusters (panels g–h). 

Table 1. The proportion of pre-solar SiC grains with cluster vote CV ≥ 0.90, the average Jaccard coefficient, the overall average silhouette 
width, the proportion of grains with silhouette width, SW > 0.50, and the proportion of grains that occur in core clusters obtained for the spectral 
algorithm (Spectral), the mixture of t-distributions (t(UUUU)), and the mixture of normal distributions (Normal (VVV),7), all with seven clusters, 
and the mixture of normal distributions with nine clusters (Normal (VVV),9). 

Methods/Model CV ≥ 0.90 Average Jaccard coefficient Average silhouette width SW > 0.50 Core clusters 

Spectral 0.882 0.936 0.895 0.963 0.852 
t (UUUU) 0.548 0.647 0.740 0.851 0.554 
Normal (VVV),7 0.256 0.628 0.728 0.909 0.380 
Normal (VVV),9 0.307 0.699 0.613 0.708 0.336 
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nd Mo isotope ratios and inferred initial 26 Al/ 27 Al ratios) for AB
rains. It is noteworthy that the spectral clustering results for AB and
S grains depend strongly on the 14 N/ 15 N ratio and could reflect

ome artefact in the grain data. This is because it was shown that
NRAS 510, 334–350 (2022) 
he literature 14 N/ 15 N isotope data of pre-solar SiC grains sampled
ifferent proportions of solar or terrestrial nitrogen contamination
Liu et al. 2021 ). Ho we ver, it is interesting that the identified cluster
 exhibits both the lowest range of 14 N/ 15 N ratios among the three
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Table 2. The proportion of pre-solar SiC grains in clusters with CV ≥ 0.90, the average Jaccard similarity coefficient, 
average silhouette width, and the proportion of grains in core clusters for each cluster obtained from spectral clustering 
(Spectral), a mixture of t-distributions (t (UUUU)), a mixture of normal distributions (Normal (VVV),7) all with seven 
clusters, and a mixture of normal distributions (Normal (VVV),9) with nine clusters. 

Cluster Methods/Model CV ≥ 0.90 Jaccard coefficient Silhouette width Proportion in core clusters 

1 Spectral 0.996 0.994 0.989 0.996 
t (UUUU) 0.713 0.858 0.839 0.636 

Normal (VVV),7 0.522 0.764 0.870 0.946 
Normal (VVV),9 0.916 0.924 0.906 0.932 

2 Spectral 0.909 0.927 0.913 0.909 
t (UUUU) 0.000 0.579 0.573 0.165 

Normal (VVV),7 0.000 0.016 0.751 0.750 
Normal (VVV),9 0.772 0.844 0.758 0.696 

3 Spectral 0.773 0.879 0.814 0.706 
t (UUUU) 0.869 0.862 0.913 0.885 

Normal (VVV),7 0.039 0.745 0.727 0.174 
Normal (VVV),9 0.000 0.625 0.493 0.095 

4 Spectral 0.849 0.925 0.866 0.847 
t (UUUU) 0.402 0.653 0.463 0.390 

Normal (VVV),7 0.069 0.753 0.709 0.347 
Normal (VVV),9 0.000 0.780 0.757 0.437 

5 Spectral 0.930 0.966 0.936 0.894 
t (UUUU) 0.000 0.284 0.589 0.250 

Normal (VVV),7 0.218 0.742 0.694 0.500 
Normal (VVV),9 0.466 0.757 0.690 0.232 

6 Spectral 0.911 0.952 0.934 0.889 
t (UUUU) 0.503 0.789 0.729 0.354 

Normal (VVV),7 0.313 0.646 0.621 0.283 
Normal (VVV),9 0.417 0.697 0.612 0.340 

7 Spectral 0.888 0.909 0.881 0.851 
t (UUUU) 0.000 0.507 0.605 0.259 

Normal (VVV),7 0.502 0.727 0.719 0.294 
Normal (VVV),9 0.324 0.705 0.713 0.280 

8 Normal (VVV),9 0.0317 0.504 0.544 0.203 
9 Normal (VVV),9 0.000 0.457 0.176 0.232 
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S clusters and the large variations from the MS line defined by
he other two MS clusters in the Si 3-isotope plots. This observation
uggests that in addition to contamination, the close-to-solar and- 
errestrial 14 N/ 15 N ratios observed in this cluster of grains also reflect
ome real nucleosynthetic effect. MS grains are commonly argued to 
ave come from low-mass asymptotic giant branch (AGB) stars with 
lose-to-solar and/or higher than solar metallicities (Cristallo et al. 
020 ; Lugaro et al. 2020 ). The MS grains’ 14 N/ 15 N ratios, ho we ver,
annot be explained by stellar nucleosynthesis models for such 
ow-mass AGB stars, because larger 14 N enrichments are expected 
or their stellar envelope composition (Palmerini et al. 2011 ). The 
nconsistency therefore suggests that this cluster of grains did not 
riginate from carbon-rich low-mass AGB stars, or that their parent 
GB stars were born from materials that experienced heterogeneous 
alactic chemical evolution (GCE). It is interesting to note that when 

lustering with C, N, Si, and inferred Al isotopic ratios, Boujibar et al.
 2021 ) found two groups of MS grains with distinct ranges of 14 N/ 15 N
atio. One of these two clusters has a composition similar to cluster 4:
4 N/ 15 N lower than 1000 and shows significant deviations from the 

S line in the Si 3-isotope plot. In addition, this previously identified
luster has relatively high 26 Al/ 27 Al ratios. The coupled low 

14 N/ 15 N
nd high 26 Al/ 27 Al ratios of grains in this cluster is in contrast to the
oupled high 14 N/ 15 N and high 26 Al/ 27 Al ratios generally predicted 
y state-of-the-art AGB model calculations (Cristallo et al. 2009 ; 
arakas & Lugaro 2016 ), which further corroborates the data–model 
iscrepancy in the 14 N/ 15 N ratio. 
.2 Clustering with a mixture of t-distributions using seven 

lusters 

oth the BagClust1 and BagClust2 clustering procedures cluster the 
re-solar SiC grains into two main groups of X grains (clusters 1 and
), two main groups of MS grains (clusters 3 and 7), and one group
ominated by both MS and Z grains (cluster 4) using a mixture of
 -distributions with seven clusters (Fig. 6 ). The BagClust1 procedure
Fig. 6 , panels a–c) clusters the grains into one main group of AB
rains (cluster 6), whereas the BagClust2 procedure (Fig. 6 , panels
–l) yields two main groups of AB grains (clusters 5 and 6). More N
rains are clustered with the X grains using BagClust2 compared to
agClust1. Y and Z grains are again clustered jointly with the MS
rains in two clusters. Ho we ver, BagClust2 resulted in more of the
 grains to be included in cluster 4 compared to BagClust1. Cluster
 (X grains) and cluster 3 (almost all MS grains), are highly stable in
erms of having a high percentage of grains with CV values greater
han or equal to 0.90 and a high average Jaccard coefficient. Cluster 6,
hich contains AB grains, has some observations with CV of at least
.90. Cluster 2 (N and X grains), cluster 5 (N and a few AB grains),
nd cluster 7 (MS, Y, and a few Z grains) are highly unstable. All
ypes of grains, except for MS and Z grains, have less than 50 per cent
f the grains in stable clusters. All Y and N grains have CV < 0.9
Table 3 ). The core clustering procedure (Fig. 6 , panels g–i) produces
esults similar to the BagClust1 procedure, but has slightly different 
bservations in core clusters as in stable clusters (Fig. 6 , panels d–f).
rom the BagClust2 clustering procedure, clusters 1, 3, and 6 have
MNRAS 510, 334–350 (2022) 
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Table 3. Proportion of pre-solar SiC grain types with CV ≥ 0.90 and in core clusters obtained from spectral clustering 
(Spectral), a mixture of t-distributions (t (UUUU)), a mixture of normal distributions (Normal (VVV),7) all with seven 
clusters, and a mixture of normal distributions (Normal (VVV),9) with nine clusters. 

Methods/Model Grain type Proportion of types with CV ≥ 0.90 Proportion of types in core clusters 

Spectral Z 0.830 0.830 
Y 0.549 0.465 
X 1.000 1.000 
N 0.783 0.696 

MS 0.854 0.816 
AB 0.946 0.924 

t (UUUU) Z 0.566 0.321 
Y 0.000 0.113 
X 0.460 0.480 
N 0.000 0.174 

MS 0.663 0.731 
AB 0.498 0.349 

Normal (VVV), 7 Z 0.075 0.264 
Y 0.366 0.014 
X 0.568 0.880 
N 0.000 0.435 

MS 0.163 0.245 
AB 0.257 0.406 

Normal (VVV), 9 Z 0.038 0.528 
Y 0.014 0.394 
X 0.864 0.844 
N 0.435 0.435 

MS 0.119 0.168 
AB 0.425 0.289 
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igh average silhouette width values, and 12 observations have a
e gativ e silhouette width. 
Our t-distribution clustering results are generally similar to those

f Boujibar et al. ( 2021 ), as (1) MS grains are divided into three
lusters (clusters 3, 4, and 7) with different ranges of Si isotope
atios, representing their parent stars’ different ranges of initial stellar
etallicities, (2) X grains are divided into two clusters with one of

he clusters exhibiting less correlated Si isotope ratios, and (3) two
roups of AB grains with some o v erlap in their 14 N/ 15 N isotope
atios for the BagClust2 method. Our stability tests further illustrate
hat the three clusters, including MS grains with the lower range
f Si isotope ratios (cluster 7), 13 C, 15 N-enriched AB and N grains
cluster 5), and X grains with less correlated Si isotope ratios (cluster
), are not that statistically robust. In agreement with the Boujibar
t al. ( 2021 ) conclusion, our results point out that there is no distinct
eparation of MS, Y, and Z grains. Interestingly, the stable core
f 14 N-rich AB grains (cluster 6) in panels g–i of Fig. 6 seems
o exhibit a weak positive correlation between their 13 C and 14 N
nrichments, which is consistent with H burning signatures at low-
tellar temperatures ( < ∼1 × 10 8 K; Palmerini et al. 2011 ). It is
oteworthy that (1) this weakly correlated 13 C and 14 N enrichments
n 14 N-rich AB grains is generally supported by all the model-based
lustering and the associated stability assessments (Figs 7 and 8 ) and
2) this correlation of 14 N-rich AB grains is in contrast to the weakly
orrelated 13 C and 15 N enrichments in 15 N-rich AB grains observed
n cluster 5 (panels g, j of Fig. 6 ; panels a, d, g, j of Figs 7 and
 ), which points to H burning signatures in e xplosiv e environments
e.g, novae, core-collapse supernovae; Liu et al. 2016 ). The opposite
rends observed between 14 N-rich and 15 N-rich AB grains therefore
a v our two different stellar formation environments and are more
onsistent with 14 N-rich AB grains dominantly originating from J-
ype carbon stars or born-again AGB stars (Liu et al. 2017b ) and
5 N-rich AB grains dominantly from core-collapse supernovae (Liu
NRAS 510, 334–350 (2022) 
t al. 2017a , 2018 ). Note that it is still possible that some of the
4 N-rich AB grains that are not included in the stable part of cluster
 originated from core-collapse supernovae, as suggested by Hoppe
t al. ( 2019 ). 

.3 Clustering with a mixture of normal distributions using 
even clusters 

sing a mixture of normal distributions with seven clusters for the
agClust1 clustering procedure, produces one main group of X
rains (cluster 1), two main groups of AB grains (clusters 5 and
), and three main groups of mixed combinations of MS, Y, Z grains
clusters 3, 4, and 7). Cluster 3 is dominated by MS grains, while
lusters 4 and 7 have Z and Y grains clustered jointly with MS
rains (Fig. 7 , panels a–c). Cluster 2 only contains two observations
N and X grains) and is highly unstable. Some runs of the algorithm
roduce two main groups of X grains (in clusters 1 and 2), but cluster
 does not reach majority vote for any of the observations, with
wo exceptions. N grains are mostly clustered jointly with X grains,
ut some of the N grains are clustered with AB grains. The main
ifference between the partitioning obtained from the BagClust1
nd BagClust2 procedures (Fig. 7 , panels j–l) are found in clusters 1
nd 2, where the BagClust2 procedure split X-grains into two groups.

Clusters 1 and 7 are the most stable clusters in terms of having
he largest proportion of grains with CV ≥ 0.9. These clusters have

oderate Jaccard coefficient values. The stable parts of cluster 1
onsist of X grains, while in cluster 7 the stable parts consist largely
f MS grains with some Y grains and a few Z grains. Clusters 3, 4, 5,
nd 6 show some patterns by yielding an average Jaccard coefficient
bo v e 0.6, but with a lower proportion of grains with CV ≥ 0.9.
ll the grain types have a majority of their observations with CV
 0.90 except for X grains. The core clustering procedure (Fig. 7 ,

anels g–i) yielded a some what dif ferent partitioning than the ones
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btained from the BagClust1 method, but similar to the BagClust2 
rocedure. Here X grains are again split into two clusters (clusters
 and 2) in panels g–i, in contrast to zero grains in cluster 2 in the
table cluster results shown in panels d–f. The majority of the grains
re characterized as weak points, except for X grains that are mostly
ccurring in core clusters (panels g–i and Table 3 ). 
The BagClust2 clustering procedure yielded clusters 1, 2, 3, 4, 

nd 7 with moderate to high average silhouette widths. There are 
nly three observations that have negative silhouette width values. 
ompared to the t-distribution results shown in the previous section, 

he normal distribution results here (1) point out that the division of
 grains into two clusters is not robust and (2) shows the division
f AB grains into two clusters enriched or depleted in 15 N and 13 C,
ith a strong o v erlap at 14 N/ 15 N ≈ 500–2000. Note that AB grains
ere initially divided into A and B grains by adopting a divider
f 12 C/ 13 C = 3.5 (Hoppe et al. 1994 ). The stability test further
hows that the o v erlapping parts of the AB grains are not stable and
re ambiguous regarding their cluster assignment. Thus, the spectral 
lustering, clustering with a mixture of t-distributions, and a mixture 
f normal distributions all support the division of AB grains into two
lusters by adopting a divider of around the solar 14 N/ 15 N ratio, in
ine with the proposal of Liu et al. ( 2017a ). 

.4 Clustering with a mixture of normal distributions using 
ine clusters 

oth of the BagClust1 (Fig. 8 , panels a–c) and BagClust2 (Fig. 8 ,
anels j–l) procedures cluster the grains into two main groups of X
rains (clusters 1 and 2) and two main groups of AB grains (clusters
 and 6) when clustering with a mixture of normal distributions using
ine clusters. BagClust1 yields four main groups of MS–Y–Z grains 
clusters 3, 4, 7, and 8), whereas BagClust2 yields five main groups
f MS–Y–Z grains (clusters 3, 4, 7, 8, and 9). N grains are now
ncluded in clusters with both X and some 15 N- rich AB grains. Y
nd Z grains are clustered jointly with MS grains in two clusters
clusters 4 and 7). Clusters 3 and 8 produced by the two procedures
re different in their ranges of C and N isotopic ratios, respectively.
lso, cluster 9 in BagClust2 is dominated by MS grains, while in
agClust1, it comprises AB and N grains. The most stable clusters
re cluster 1, which contains X grains, and cluster 2, which includes
ostly X grains and half of the N grains. Cluster 3 (MS grains),

luster 4 (MS, Y, and Z grains), and cluster 8 (MS grains) are highly
nstable because these clusters have no grains (or only a few grains
or cluster 8) with CV of at least 0.9. Cluster 9, which contains a few
B grains and half of the N grains from the BagClust1 clustering
rocedure, is also unstable. Clusters 8 and 9 also yield low average
accard coefficients. 

There are fewer observations in stable clusters (Fig. 8 , panels d–
) than in core clusters (Fig. 8 , panels g–i). The main difference
etween the partitions obtained from the BagClust1 method and the 
ore cluster identification method is in how cluster nine is defined, 
here core cluster 9 contains Y grains. X grains are the only grain

ype that has a majority of observations with a CV of at least 0.9 as
ell as the majority of the observations occurring in core clusters.
lightly more than half of the Z grains occur in core clusters (Table 3 ).
From the BagClust2 clustering procedure, clusters 1, 2, 4, and 

 have moderate or high average silhouette widths. There are 40 
bserv ations with negati ve silhouette width values, for which almost 
ll are MS grains. 

In summary, compared to the normal distribution clustering using 
even clusters, the two extra clusters identified in this section mainly 
nclude additional X and MS grain clusters. While the addition of
 grain cluster (cluster 2) is statistically robust, the additional MS
luster (cluster 8) is highly unstable. 

.5 Comparison of the clusters gi v en by different clustering 
ethods 

n previous sections, we have evaluated the classification of pre-solar 
iC grains by using different cluster analysis ensemble methods for 
rain partitioning. Here, we further compare the first seven clusters 
btained from spectral clustering, a mixture of t-distributions, and a 
ixture of normal distributions. Using the Hungarian algorithm as 

escribed in Section 2.3, we kept a consistent labelling of the clusters
cross the different clustering methods. Recall that the cluster labels 
dopt the labels from one run of a mixture of normal distributions with
even clusters as the reference labels. As a result, a few clusters have
o direct identification across the clustering algorithm and methods. 
lusters 2, 3, 4, and 7 from the spectral algorithm best matches
lusters 9, 7, 8, and 3, respectively, from clustering with a mixture of
ormal distributions using nine clusters (BagClust1). Cluster 6 from 

he mixture of t-distribution using BagClust1 is better identified with 
luster 5 in some of the other clustering algorithms. It also varies
ow cluster 5 from the mixture of t-distributions using BagClust1 is
dentified. The difficulty here arises because the BagClust1 procedure 
ith the mixture of t-distributions resulted in only one AB group,
hile all the other algorithms and methods produced two main groups 
f AB grains. A similar issue is seen with cluster 2 (Z-grains) from
he spectral algorithm. 

(1) Cluster 1, which is dominated by X grains, is the most stable
luster across all the algorithms (with the exception of cluster 3 for
he mixture of t-distributions). In particular, it shows a high stability
or both the spectral clustering technique with seven groups and the
lustering with a mixture of normal distributions using nine groups. 
lustering with a mixture of normal distributions using seven clusters 
ssigned both X and N grains to cluster 1, but only X grains are in
he stable parts of the cluster. All clustering methods yielded large
 v erlapping stable parts of X grains in cluster 1. 
(2) Cluster 2 has a high stability for both the spectral clustering

echnique and for clustering with a mixture of normal distributions 
sing nine clusters. Cluster 2 contains both X and N grains when
sing a mixture of normal distributions with nine clusters and t-
istributions with seven clusters. In contrast, cluster 2 consists of 
nly Z grains (except for one MS grain) when using the spectral
lgorithm with seven clusters. Clustering with a mixture of normal 
istributions using both seven and nine groups also yielded a large
umber of both X and N grains in core cluster 2. Thus, except for the
pectral clustering analysis results, all the other clustering analysis 
ethods point to the clustering of N grains with a portion of X

rains from the aspect of statistics. This inferred genetic relationship 
etween N and X grains is strongly supported by new supernova
odels and detailed isotopic investigation of N grains (Nittler & 

oppe 2005 ; Pignatari et al. 2015 ; Liu et al. 2016 ). 
(3) Cluster 3 is most stable for the mixture of t-distributions using

even groups but also has a high stability for spectral clustering
ith seven groups. Cluster 3 is al w ays dominated by MS grains and
as some o v erlaps across the different clustering techniques. With
odel-based clustering, cluster 3 is characterized by a relatively 

arrow range of 12 C/ 13 C, and highly correlated Si isotopic ratios
ompared to other MS-grain-containing clusters. Spectral clustering 
ssigned several Y and a few Z grains to cluster 3, highlighting a
ommon problem in separating MS, Y, and Z grains regarding the
riginal classification scheme and AGB nucleosynthesis models. 
MNRAS 510, 334–350 (2022) 
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(4) Cluster 4 and cluster 7, which consist of mixtures of MS, Y,
nd Z grains for all the methods, have only high stabilities for the
pectral algorithm. The MS, Y, and Z grains in clusters 4 and 7
re split differently for the spectral algorithm compared to the other
odel-based methods, with a division controlled by the 14 N/ 15 N ratio.
o we ver, as noted earlier, the adoption of the 14 N/ 15 N ratio alone for
ividing MS grains by the spectral algorithm is not reliable given
he known problem of nitrogen contamination. Thus, although the
pectral analysis results have higher stabilities than the other methods
or these clusters, the results may mainly reflect different degrees of
itrogen contamination instead of having significant astrophysical
eanings. 
(5) Cluster 5 is dominated by AB grains that have a low range

f 14 N/ 15 N for the mixture of normal distributions with both seven
nd nine clusters (BagClust1 and BagClust2) and the mixture of
-distributions (BagClust2), whereas for the spectral algorithm it
onsists of both AB and N grains. Cluster 5 only has high stability
or the spectral algorithm, but AB grains with CV values ≥0.9 show
ome o v erlap among the spectral clustering, and clustering with a
ixture of normal distributions with both seven and nine clusters. 
(6) Cluster 6, which is also dominated by AB grains, has a high

tability for the spectral algorithm and has a high Jaccard coefficient
or the mixture of t-distributions using seven groups. The stable parts
f cluster 6 in different methods have some overlap of AB grains for
igh values of 14 N/ 15 N. 

.6 Astrophysical implications 

cross the different models and clustering techniques used in this
aper, we propose that the SiC grains are partitioned into two main
roups of AB grains, three main groups of MS–Y–Z grains, and one
ain group of Z grains. It is uncertain whether X grains should be

plit into two groups. 

.6.1 MS, Y, and Z grains 

he main difference between the spectral clustering method and the
odel-based methods was found in the splitting of the MS–Y–Z

rains; the use of 14 N/ 15 N ratio as the divider by spectral clustering
ersus the use of Si and C isotope ratios by the mixture models.
he three MS–Y–Z grain groups that are classified by the spectral
lustering algorithm, have different ranges of 14 N/ 15 N ratios (Clusters
, 4, 7). In contrast, the model-based methods yielded MS groups
ith different C and Si isotopic signatures. While cluster 3 has a
arrow range of 12 C/ 13 C, clusters 4 and 7 show a spread in the
2 C/ 13 C ratio for the model-based methods. In addition, spectral
lustering splits the Z and Y grains o v er sev eral groups, while the
odel-based clustering methods include the Z and Y grains mostly

n two clusters (clusters 4 and 7, respectively). Z and Y grains are
oth clustered jointly with MS in all methods, while the spectral
lgorithm also produces one cluster (cluster 2) that consists mainly
f Z grains. These clustering results, o v erall, highlight the genetic
elationship among MS, Y, and Z grains, as they all carry s -process
sotopic signatures and should have originated from carbon-rich
GB stars (Liu et al. 2019 ). The inconsistent clustering schemes
ielded by these different methods, on the other hand, highlight the
ifficulties in dividing these AGB dust grains into sub-groups. For
nstance, although MS, Y, and Z grains show different degrees of
0 Si e xcesses, the y e xhibit indistinguishable Mo isotopic signatures
Liu et al. 2019 ). In Stephan et al. ( 2021 ) it was also stated that the
ivision between MS, Y, and Z grains is still preliminary and some of
NRAS 510, 334–350 (2022) 
he existing criteria seem arbitrary. Isotopic data from more elements
re needed in the future to investigate whether there are distinct AGB
ust subpopulations. 

.6.2 AB, N, and X grains 

 grains occur mostly with 15 N-rich AB grains in cluster 5 for the
pectral clustering method, while they occur mostly with X grains
n cluster 1 for clustering with a mixture of normal distributions
sing seven clusters with BagClust1 and cluster 2 with BagClust2.
lustering with a mixture of t-distributions and a mixture of normal
istributions using nine clusters resulted in N grains to be included
ith both the X grains in cluster 2 and the AB grains in cluster 5

for the mixture of t-distributions) and cluster 9 (for the mixture of
ormal distributions) using BagClust1. These classification schemes
re generally consistent with the fact that N grains, 15 N-rich AB
rains and X grains have all been proposed to originate from core-
ollapse supernovae (Nittler et al. 1996 ; Liu et al. 2016 , 2017a ,
018 ). The genetic relationship between N and 15 N-rich AB grains,
o we v er, is e xpected to be stronger, because they both recorded
trong e xplosiv e H-burning isotopic signatures at high temperatures,
.e. large 13 C, 15 N, 26 Al enrichments. This hypothesis is consistent
ith the fact that cluster 5 identified by the spectral clustering method,

onsisting of mostly N grains with 15 N-rich AB grains, is highly
table, given its large CV (0.930), Jaccard Coefficient (0.966), and
ilhouette width (0.936) values (Table 2 ). Besides, the division of
 grains into two groups is uncertain as it is only supported by

he stability of the second cluster when using a mixture of normal
istributions with nine groups (panels d–f in Fig. 8 ). Ho we ver, the
wo groups of X grains seem to be supported by the observation
f Stephan et al. ( 2018 ) that their two X2 (belonging to cluster
 in (Normal(VVV),9)) grains and one X1 (cluster 1 in (Normal
VVV),9)) grain had different Sr and Ba isotopic signatures, thus
uggesting different formation conditions in Type II supernovae for
he two types of X grains. Lin, Gyngard & Zinner ( 2010 ) proposed
he division of X grains into three sub-groups, X0, X1, and X2, based
n their different Si isotopic signatures. 

 C O N C L U S I O N  

n this study, we assessed the stability of the clusters and the
onfidence of the grain assignment to the clusters o v er sev eral
ifferent models and clustering methods with the goal of identifying
re-solar SiC grains that occur in stable clusters. 
We demonstrated the use of cluster analysis and cluster ensemble

echniques to e v aluate the confidence in classifying pre-solar SiC
rains. Our spectral clustering method yielded seven clusters with the
ighest stabilities and reproducibilities, including two main groups
f AB grains, three main groups of MS–Y–Z grains, one main group
f Z grains, and one main group of X grains. Based on our stability
ssessment of the clusters, we come to the following conclusions. 

(1) The inconsistent clustering of MS grains by different clustering
ethods and the poor stabilities of the identified MS grain clusters,

how the difficulties in dividing the MS group. The three MS grain
lusters yielded by the spectral clustering (clusters 3, 4, 7), divided by
heir different ranges of 14 N/ 15 N ratios, are most stable, in contrast
o the MS grain clusters identified by the model-based clustering
ethods, which partitioned the grains by their different ranges of
i isotope ratios. While the different 14 N/ 15 N ratios of the three
lusters likely reflect the varying amounts of nitrogen contamination
ampled from the grains, cluster 4 exhibits both the lowest 14 N/ 15 N
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atios and least correlated Si isotope ratios in the Si 3-isotope plot,
ointing to the effect of true parent stellar nucleosynthesis signatures. 
luster 4 shows some similarity to the DB5 MS cluster 8 with low

4 N/ 15 N and high 26 Al/ 27 Al ratios identified by Boujibar et al. ( 2021 ).
oth of the clusters cannot be explained by state-of-the-art low- 
ass AGB nucleosynthesis model calculations and together point 

o either problems in current AGB nucleosynthesis models or the 
act that they did not originate from low-mass AGB stars. Given 
he inconsistency in partitioning MS grains into sub-populations, it 
s important to obtain higher quality isotope data by suppressing 
otential contamination and include more attributes like isotopic 
atios of other elements, interstellar ages, and grain sizes, which will 
llow clustering analysis to provide a clearer picture whether distinct 
roups of MS grains were incorporated into the Solar system. 
(2) All the clustering methods partitioned MS, Y, and Z grains into 

he same clusters, pointing to their genetic relationships, as supported 
y their common origin in low-mass AGB stars. While Z grains are
ostly separated from MS and Y grains and form a single cluster

y the different clustering methods, no clear separation was found 
etween MS and Y grains, consistent with the conclusion of Boujibar
t al. ( 2021 ). 

(3) AB grains are generally divided into two groups mostly based 
n their nitrogen isotope ratios by all the clustering methods. The 
wo AB clusters with the highest stabilities given by the spectral 
lustering method, adopted a divider around the solar 14 N/ 15 N ratio, 
onsistent with the previous proposal of dividing AB grains into AB1
nd AB2 grains using the solar 14 N/ 15 N ratio based on a larger set
f multi-element isotope systematics. With model-based clustering 
ethods, the two AB clusters are defined by both their N and C

sotope ratios, similarly to finding of Boujibar et al. ( 2021 ). Ho we ver,
or the model-based methods, the stable and core clusters showed a 
lear separation of the two groups of AB grains as the AB grains
n the unstable parts of the clusters or core clusters could belong to
ither of the two groups. The 14 N-rich AB clusters and/or their cores
ielded by the model-based clustering methods, often show weakly 
orrelated 14 N and 13 C enrichments, while the 15 N-rich AB clusters 
ometimes show weakly correlated 15 N and 13 C enrichments. The 
pposite trends observed between these two groups of AB grains 
oint to two distinct stellar formation environments and provide an 
dditional clue to constrain their still ambiguous stellar origins. 

(4) X grains are either all clustered in one group with spectral 
lustering or divided into two clusters with model-based clustering 
imilar to results of Boujibar et al. ( 2021 ). One of the two clusters is
ery stable and has X grains tightly correlated in the 3-Si isotopes,
hich suggests mixing between material from supernovae outer He/C 

one with inner Si/S or Si/C zones (Nittler et al. 1996 ; Rauscher et al.
002 ; Pignatari et al. 2013 ). The other cluster comprises X grains
eviating from this line, indicating contribution of material from 

ther shells. Ho we ver, the second cluster is not supported by all
he clustering methods and is highly unstable for the model-based 

ethods with seven clusters. 
(5) N grains are often clustered with X or 15 N-rich AB grains, in

ine with their proposed core-collapse supernova origin. The highly 
table cluster 5 given by the spectral clustering method consists 
ostly of 15 N-rich AB and N grains, in agreement with the fact

hat both types of grains recorded strong H-burning signatures (e.g. 
3 C, 15 N and 26 Al enrichments) at high stellar temperatures. This 
uggested genetic relationship between N and 15 N-rich AB grains 
hould be considered in future investigation of their stellar origins. 

Cluster analysis is an unsupervised machine-learning technique, 
here the clustering does not take into account the original clas-
ification of grains. In conclusion, the broad division of X/AB/M–
–Z grains in this paper agree with the broad lines of the existing

lassification. Ho we ver, using cluster analysis, we have a quantitative
ay to classify and to assess the confidence of the classification of the
re-solar SiC grains. As the results can be confirmed with statistical
nalysis, it will provide further insight to the classification scheme. 
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